Introduction {#Sec1}
============

Fig. 1.Left, a tiling of the plane (2-dimensional space) with unit cubes (squares). The bold ![](492926_1_En_4_Figa_HTML.gif){#d30e496}  edges are fully face-sharing edges. Right, a partial tiling of the 3-dimensional space with unit cubes. The only way to tile the entire space would result in a fully face-sharing square at the position of the ![](492926_1_En_4_Figb_HTML.gif){#d30e499}  squares.

In 1930, Keller conjectured that any tiling of *n*-dimensional space by translates of the unit cube must contain a pair of cubes that share a complete ($\documentclass[12pt]{minimal}
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                \begin{document}$$n-1$$\end{document}$)-dimensional face \[[@CR13]\]. Figure [1](#Fig1){ref-type="fig"} illustrates this for the plane and the 3-dimensional space. The conjecture generalized a 1907 conjecture of Minkowski \[[@CR24]\] in which the centers of the cubes were assumed to form a lattice. Keller's conjecture was proven to be true for $\documentclass[12pt]{minimal}
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                \begin{document}$$n \le 6$$\end{document}$ by Perron in 1940 \[[@CR25], [@CR26]\], and in 1942 Hajós \[[@CR6]\] showed Minkowski's conjecture to be true in all dimensions.

In 1986 Szabó \[[@CR28]\] reduced Keller's conjecture to the study of periodic tilings. Using this reduction Corrádi and Szabó \[[@CR3]\] introduced the Keller graphs: the graph $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_{n,s}$$\end{document}$ has vertices $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{0,1,\ldots , 2s-1\}^n$$\end{document}$ such that a pair are adjacent if and only if they differ by exactly *s* in at least one coordinate and they differ in at least two coordinates. The size of cliques in $\documentclass[12pt]{minimal}
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                \begin{document}$$2^n$$\end{document}$ demonstrates that Keller's conjecture is false for dimensions greater than or equal to *n*. Lagarias and Shor \[[@CR19]\] showed that Keller's conjecture is false for $\documentclass[12pt]{minimal}
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In 2015, Kisielewicz and Łysakowska \[[@CR14], [@CR16]\] made substantial progress on reducing the conjecture in dimension 7. More recently, in 2017, Kisielewicz \[[@CR15]\] reduced the conjecture in dimension 7 as follows: Keller's conjecture is true in dimension 7 if and only if there does not exist a clique in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_{7,3}$$\end{document}$ of size $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2^7$$\end{document}$ \[[@CR21]\].

The main result of this paper is the following theorem.

Theorem 1 {#FPar1}
---------
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Although proving this property for $\documentclass[12pt]{minimal}
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                \begin{document}$$G_{7,6}$$\end{document}$ to demonstrate that our methods need only depend on prior work of Kisielewicz and Łysakowska \[[@CR14], [@CR16]\]. In particular, the argument for $\documentclass[12pt]{minimal}
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                \begin{document}$$G_{7,6}$$\end{document}$ lacks a clique of size 128 to prove Keller's conjecture. We show this in the Appendix of the extended version, available at <https://arxiv.org/abs/1910.03740>.

We present an approach based on satisfiability (SAT) solving to show the absence of a clique of size 128. SAT solving has become a powerful tool in computer-aided mathematics in recent years. For example, it was used to prove the Erdős discrepancy conjecture with discrepancy 2 \[[@CR17]\], the Pythagorean triples problem \[[@CR10]\], and Schur number five \[[@CR7]\]. Modern SAT solvers can also emit proofs of unsatisfiability. There exist formally verified checkers for such proofs as developed in the ACL2, Coq, and Isabelle theorem-proving systems \[[@CR4], [@CR20]\].

The outline of this paper is as follows. After describing some background concepts in Sect. [2](#Sec2){ref-type="sec"}, we present a compact encoding whether $\documentclass[12pt]{minimal}
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                \begin{document}$$n > 5$$\end{document}$ are challenging for state-of-the-art tools. However, the Keller graphs contain many symmetries. We perform some initial symmetry breaking that is hard to express on the propositional level in Sect. [4](#Sec4){ref-type="sec"}. This allows us to partially fix three vertices. On top of that we add symmetry-breaking clauses in Sect. [5](#Sec5){ref-type="sec"}. The soundness of their addition has been mechanically verified. We prove in Sect. [6](#Sec10){ref-type="sec"} the absence of a clique of size 128 in $\documentclass[12pt]{minimal}
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                \begin{document}$$G_{7,6}$$\end{document}$. We optimize the proofs of unsatisfiability obtained by the SAT solver and certify them using a formally verified checker. Finally we draw some conclusions in Sect. [7](#Sec13){ref-type="sec"} and present directions for future research.Fig. 2.Illustration of $\documentclass[12pt]{minimal}
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Preliminaries {#Sec2}
=============

We present the most important background concepts related to this paper and introduce some properties of $\documentclass[12pt]{minimal}
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*Keller Graphs.* The Keller graph $\documentclass[12pt]{minimal}
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                \begin{document}$$\langle 2s\rangle ^n$$\end{document}$. Two vertices are adjacent if and only if they differ by exactly *s* in at least one coordinate and they differ in at least two coordinates. Figure [2](#Fig2){ref-type="fig"} shows a visualization of $\documentclass[12pt]{minimal}
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*Useful Automorphisms of Keller Graphs.* Let $\documentclass[12pt]{minimal}
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*Propositional Formulas.* We consider formulas in *conjunctive normal form* (CNF), which are defined as follows. A *literal* is either a variable *x* (a *positive literal*) or the negation $\documentclass[12pt]{minimal}
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*Clausal Proofs.* Our proof that Keller's conjecture is true for dimension 7 is predominantly a clausal proof, including a large part of the symmetry breaking. Informally, a clausal proof system allows us to show the unsatisfiability of a CNF formula by continuously deriving more and more clauses until we obtain the empty clause. Thereby, the addition of a derived clause to the formula and all previously derived clauses must preserve satisfiability. As the empty clause is trivially unsatisfiable, a clausal proof shows the unsatisfiability of the original formula. Moreover, it must be checkable in polynomial time that each derivation step does preserve satisfiability. This requirement ensures that the correctness of proofs can be efficiently verified. In practice, this is achieved by allowing only the derivation of specific clauses that fulfill some efficiently checkable criterion.

Formally, clausal proof systems are based on the notion of *clause redundancy*. A clause *C* is *redundant* with respect to a formula *F* if adding *C* to *F* preserves satisfiability. Given a formula $\documentclass[12pt]{minimal}
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An example for a clausal proof system is the resolution proof system, which only allows the derivation of resolvents (with no or empty witnesses). However, the resolution proof system does not allow to compactly express symmetry breaking. Instead we will construct a proof in the resolution asymmetric tautology (RAT) proof system. This proof system is also used to validate the results of the SAT competitions \[[@CR11]\]. For the details of RAT, we refer to the original paper \[[@CR9]\]. Here, we just note that (1) for RAT clauses, it can be checked efficiently that their addition preserves satisfiability, and (2) every resolvent is a RAT clause but not vice versa.

Clique Existence Encoding {#Sec3}
=========================
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This can be written as a CNF using the following clauses:$$\documentclass[12pt]{minimal}
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Initial Symmetry Breaking {#Sec4}
=========================
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-----
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By the truth of Keller's conjecture in dimension 6, $\documentclass[12pt]{minimal}
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After application of an automorphism that moves $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_0= (0, 0, 0, 0, 0, 0, 0)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_1= (s, 1, 0, 0, 0, 0, 0)$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Theorem 2 {#FPar4}
---------
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Proof {#FPar5}
-----
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Notice that most of the symmetry breaking discussed in this section is challenging, if not impossible, to break on the propositional level: The proof of Lemma [1](#FPar2){ref-type="sec"} uses the argument that Keller's conjecture holds for dimension 6, while the proof of Theorem [2](#FPar4){ref-type="sec"} uses the interchangeability of 1 and $\documentclass[12pt]{minimal}
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Clausal Symmetry Breaking {#Sec5}
=========================

Our symmetry-breaking approach starts with enforcing the initial symmetry breaking: We assume that vertices $\documentclass[12pt]{minimal}
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We fix the above initial vertices by adding unit clauses to the CNF encoding. This is the only part of the symmetry breaking that is not checked mechanically. Let $\documentclass[12pt]{minimal}
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Our approach can be described in general terms as identifying groups of coordinates whose assignments exhibit interesting symmetries and calculating the equivalence classes of these assignments. Given a class of symmetric assignments, it holds that one of these assignments can be extended to a clique of size 128 if and only if every assignment in that class can be extended as well. It is then enough to pick a canonical representative for each class, add clauses forbidding every assignment that is not canonical, and finally determine the satisfiability of the formula under the canonical representative of every class of assignments: if no canonical assignment can be extended to a satisfying assignment for the formula, then the formula is unsatisfiable. In order to forbid assignments that are not canonical, we use an approach similar to the one described in \[[@CR8]\].
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The reasoning in the proof of Theorem [2](#FPar4){ref-type="sec"} leads to the following forced settings, once we assign $\documentclass[12pt]{minimal}
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The symmetry breaking in the previous subsection allows us to fix, without loss of generality, the last coordinate of $\documentclass[12pt]{minimal}
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Identifying Hardest Cases {#Sec8}
-------------------------
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SAT Solving {#Sec9}
-----------

Each of the cases was solved using a SAT solver, which produced a proof of unsatisfiability that was validated using a formally verified checker (details are described in the following section). To ensure that the combined cases cover the entire search space, we constructed for each $\documentclass[12pt]{minimal}
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Experiments {#Sec10}
===========

We used the CaDiCaL[1](#Fn1){ref-type="fn"} SAT solver developed by Biere \[[@CR2]\] and ran the simulations on a cluster of Xeon E5-2690 processors with 24 cores per node. CaDiCaL supports proof logging in the DRAT format. We used DRAT-trim \[[@CR29]\] to optimize the emitted proof of unsatisfiability. Afterwards we certified the optimized proofs with ACL2check, a formally verified checker \[[@CR4]\]. All of the code that we used is publicly available on GitHub.[2](#Fn2){ref-type="fn"} We have also made the logs of the computation publicly available on Zenodo.[3](#Fn3){ref-type="fn"} Table 3.Summary of solve times for $\documentclass[12pt]{minimal}
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Fig. 7.Cactus plot of the runtime in seconds (logscale) to solve the $\documentclass[12pt]{minimal}
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Results for Dimension 7 {#Sec11}
-----------------------

Table [3](#Tab3){ref-type="table"} summarizes the running times are for experiment. The subformula-solving runtimes for $\documentclass[12pt]{minimal}
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                \begin{document}$$s = 3, 4$$\end{document}$ and 6 are summarized in cactus plots in Figs. [6](#Fig6){ref-type="fig"}, [7](#Fig7){ref-type="fig"} and [8](#Fig8){ref-type="fig"}. The combined size of all unsatisfiability proofs of the subformulas of $\documentclass[12pt]{minimal}
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                \begin{document}$$90\%$$\end{document}$ of the clauses generated by CaDiCaL are not required to show unsatisfiability. It is therefore likely that a single DRAT proof for the formula after symmetry breaking can be constructed that is about 20 gigabytes in size. That is significantly smaller compared to other recently solved problems in mathematics that used SAT solvers \[[@CR7], [@CR10]\].

We ran all three experiments simultaneously on 20 nodes on the Lonestar 5 cluster and computing on 24 CPUs per node in parallel. All instances were reported unsatisfiable and all proofs of unsatisfiability were certified by the formally verified checker. This proves Theorem [1](#FPar1){ref-type="sec"}.Fig. 8.Cactus plot of the runtime in seconds (logscale) to solve the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$38\,616$$\end{document}$ subformulas of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_{7,6}$$\end{document}$ as well as the times to optimize and certify the proofs of unsatisfiability.

Refuting Keller's Conjecture in Dimension 8 {#Sec12}
-------------------------------------------

To check the accuracy of the CNF encoding, we verified that the generated formulas for $\documentclass[12pt]{minimal}
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                \begin{document}$$G_{8,6}$$\end{document}$ are satisfiable --- thereby confirming that Keller's conjecture is false for dimension 8. These instances, by themselves, have too many degrees of freedom for the solver to finish. Instead, we added to the CNF the unit clauses consistent with the original clique found in the paper of Mackey \[[@CR22]\] (as suitably embedded for the larger graphs). Specification of the vertices was per the method in Sect. [3](#Sec3){ref-type="sec"} and [4](#Sec4){ref-type="sec"}. These experiments were run on Stanford's Sherlock cluster and took less than a second to confirm satisfiability.

Figure [9](#Fig9){ref-type="fig"} shows an illustration of a clique of size 256 in $\documentclass[12pt]{minimal}
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                \begin{document}$$G_{8,2}$$\end{document}$. This is the smallest counterexample for Keller's conjecture, both in the dimension ($\documentclass[12pt]{minimal}
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                \begin{document}$$s=2$$\end{document}$). The illustration uses a black circle, black square, white circle, or white square to represent a coordinate set to 0, 1, 2, or 3, respectively. Notice that for each pair of vertices it holds that they have a complementary (black vs white) circle or square and at least one other different coordinate (black/white or circle/square or both).Fig. 9.Illustration of a clique of 256 vertices in $\documentclass[12pt]{minimal}
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                \begin{document}$$G_{8,2}$$\end{document}$. Each "dice" with eight dots represents a vertex, and each dot represents a coordinate. A black circle, black square, white circle, and white square represent a coordinate set to 0, 1, 2, and 3, respectively.

Conclusions and Future Work {#Sec13}
===========================

In this paper, we analyzed maximal cliques in the graphs $\documentclass[12pt]{minimal}
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                \begin{document}$$G_{7,6}$$\end{document}$ by combining symmetry-breaking and SAT-solving techniques. For the initial symmetry breaking we adapt some of the arguments of Perron. Additional symmetry breaking is performed on the propositional level and this part is mechanically verified. We partitioned the resulting formulas into thousands of subformulas and used a SAT solver to check that each subformula cannot be extended to a clique of size 128. Additionally, we optimized and certified the resulting proofs of unsatisfiability. As a result, we proved Theorem [1](#FPar1){ref-type="sec"}, which resolves Keller's conjecture in dimension 7.

In the future, we hope to construct a formally verified argument for Keller's conjecture, starting with a formalization of Keller's conjecture down to the relation of the existence of cliques of size $\documentclass[12pt]{minimal}
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                \begin{document}$$2^n$$\end{document}$ in Keller graphs and finally the correctness of the presented encoding. This effort would likely involve formally verifying most of the theory discussed in the Appendix of the extended version of the paper. On top of that, we would like to construct a single proof of unsatisfiability that incorporates all the clausal symmetry breaking and the proof of unsatisfiability of all the subformulas and validate this proof using a formally verified checker.

Furthermore, we would like to extend the analysis to $\documentclass[12pt]{minimal}
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                \begin{document}$$G_{7,s}$$\end{document}$, including computing the size of the largest cliques for various values of *s*. Another direction to consider is to study the maximal cliques in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_{8,s}$$\end{document}$ in order to have some sort of classification of all maximal cliques.
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